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Abstract
The problem of the description of the orbit space Xn = Gn,2/T
n for the
standard action of the torus T n on a complex Grassmann manifold Gn,2 is
widely known and it appears in diversity of mathematical questions. A point
x ∈ Xn is said to be a critical point if the stabilizer of its corresponding orbit
is nontrivial. In this paper, the notion of singular points of Xn is introduced
which opened the new approach to this problem. It is showed that for n > 4
the set of critical points CritXn belongs to our set of singular points SingXn,
while the case n = 4 is somewhat special for which SingX4 ⊂ CritX4, but
there are critical points which are not singular.
The central result of this paper is the construction of the smooth man-
ifold Un with corners, dimUn = dimXn and an explicit description of
the projection pn : Un → Xn which in the defined sense resolve all sin-
gular points of the space Xn. Thus, we obtain the description of the orbit
space Gn,2/T
n combinatorial structure. Moreover, the T n-action on Gn,2
is a seminal example of complexity (n − 3) - action. Our results demon-
strate the method for general description of orbit spaces for torus actions of
positive complexity. 1
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1 Introduction
1.1 Formulation and the history of the problem
The studying of the orbit space Xn = Gn,2/T
n of a complex Grassmann man-
ifold Gn,2 of the two-dimensional complex planes in C
n by the standard action
of the compact torus T n is of wide mathematical interest for a while from many
aspects: of algebraic topology, algebraic geometry, theory of group actions, ma-
troid theory, combinatorics. This interest was stimulated by the works Gel’fand-
Serganova [11], Goresky-MacPherson [12], Gel’fand-MacPherson [10] in which
the (C∗)n-action on general Grassmannian Gn,k, 1 < k < n − 1 being an exten-
sion of T n-action, was studied. The results of these papers suggest that the case
k = 2 needs to be studied taking into account the specialty of the spaces Gn,2.
A little later Kapranov [13] related T n-action on Gn,2 with the notion of Chow
quotient from algebraic geometry for which he showed to be isomorphic to the
Grotendick-Knudsen moduli space M 0,n of stable n - pointed rational curves of
genus zero. These works attracted a lot attention which resulted in series of papers
on related subjects, [16], [17], [22] etc.
The complex projective space CP n−1 = Gn,1 with the standard action of the
algebraic torus (C∗)n and the induced action of the compact torus T n ⊂ (C∗)n
is the key object in toric geometry and toric topology respectively, see [5]. It is
well known that the orbit space Gn,1/T
n can be identified with the simplex∆n−1
which is the standard example of a smooth manifold with corners. Our studying
of an orbit space Xn = Gn,2/T
n with its canonical moment map Gn,2 → Xn →
∆n,2, where ∆n,2 is a hypersimplex has been motivated by the natural problem of
extension of the methods of toric topology to the case of torus actions of positive
complexity. More recently in [6] and [7] the orbit spaces X4 = G4,2/T
4 and
X5 = G5,2/T
5 are explicitly described, while an extensive general study of T n-
action on Gn,k for k ≥ 2 is done in [7], [8] in the context of the theory of (2n, k)-
manifolds.
It is proved in [6] that the spaceX4 is homeomorphic to the sphere S
5. According
to [24] the sphere S5 has a unique smooth structure. Nevertheless, the space X4
is a topological sphere, that is it is not possible to introduce a smooth structure on
X4 such that the natural projection G4,2 → G4,2/T
4 is a smooth map. Precisely,
it is shown in [6] that S5 has cone-like singularities at the points with non-trivial
stabilizer. In this case the non-trivial stabilizer has the dimension 1, 2 or 3 and
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complexity of a singularity grows together with the dimension of its stabilizer.
The spaceX5 is no longer a manifold since it is computed in [7], see also [25] that
the nontrivial homology groups forX5 are Z in dimensions 0 and 8, while it is Z2
in dimension 5.
A point x ∈ Xn is said to be a critical point if its corresponding T
n-orbit in Gn,2
has a non-trivial stabilizer. As it is proved in [7], [8] a point x ∈ Xn is a critical
point if and only if a point from its T n-orbit is a singular point of the smooth
standard moment map µn,2 : Gn,2 → ∆n,2 in the sense of mathematical analysis,
where ∆n,2 is considered as a smooth manifold with corners.
On the other hand for any 0 < k < n there is the decomposition of Gn,k into the
strata, in which a stratumWσ consists of those (C
∗)n - orbits which have the same
moment map image, that is an interior of the polytope Pσ ⊂ ∆n,k. A polytope Pσ
we call an admissible polytope forWσ. The orbit space Fσ = Wσ/(C
∗)n is called
a space of parameters of a stratum Wσ and it holds Wσ/T
n ∼=
◦
P σ ×Fσ. In par-
ticular the main stratum W is a stratum whose admissible polytope is the whole
hypersimplex∆n,k and its space of parameters we denote by Fn,k. The main stra-
tum is an open dense set in Gn,k which implies that the space
◦
∆n,k ×Fn,k is an
open dense set in the orbit space Gn,k/T
n. The T n - action on Gn,k defines the
semi-upper continuous function from Gn,k to the set S(T
n) of all toral subgroups
in T n, which to any point L ∈ Gn,k assigns its stabilizer TL. We proved in [7]
that this function is constant Tσ on each stratumWσ which implies that the torus
T σ = T n/Tσ acts freely on Wσ. The notions of the strata, corresponding ad-
missible polytopes and spaces of parameters have already been present in some
forms known in the literature. As we realized these notions are not enough for the
description of an orbit space Gn,k/T
n. Therefore, in our papers [7], [8] we intro-
duced the new notions of universal space of parameters Fn,k and virtual spaces of
parameters F˜σ ⊂ Fn,k for the strata Wσ. The key properties of these notions are
that Fn,k is a compactification of the space of parameters Fn,k of the main stratum
and that Fn,k = ∪σF˜σ. Moreover, there exists the projection pσ : F˜σ → Fσ for
any σ. We explicitly describe Fn = Fn,2 in [9] and show that it is a smooth com-
pact manifold which can be identified with the Chow quotient Gn,2//T
n defined
by Kapranov [13].
We define a point x ∈ Gn,2/T
n to be a singular point if for the stratum Wσ such
that x ∈ Wσ/T
n, the space of parameters Fσ is not homeomorphic to the virtual
space of parameters F˜σ. It will be shown in the paper that this condition can be
formulated in terms of Plu¨cker coordinates as well.
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For n ≥ 5 all critical points of Xn belong to the set of singular points, while the
case n = 4 is somewhat special.
1.2 The main results
The main goal of this paper is to construct a smooth manifold with corners Un
which functorially resolves the singular points of an orbit space Xn being at the
same time compatible with the combinatorial structure of Xn described below.
Let Yn = Xn \ SingXn and note that Yn is an open, dense set in Xn which is a
manifold. By the resolution of singularities we mean that Un is a such manifold
for which there exists a projection p : Un → Xn such that for an open, dense
submanifold Vn = p
−1(Yn) ⊂ Un the map p : Vn → Yn is a diffeomorphism.
Note that the sequences of embeddings of the spaces C2 ⊂ C3 ⊂ . . . ⊂ Cn ⊂
Cn+1 ⊂ . . . and the groups T 2 ⊂ T 3 ⊂ . . . ⊂ T n ⊂ T n+1 ⊂ . . . define the
sequence of embeddings of the Grassmann manifolds G2,2 ⊂ G3,2 ⊂ . . . Gn,2 ⊂
Gn+1,2 ⊂ . . . and their orbit spaces X2 ⊂ X3 ⊂ Xn ⊂ Xn+1 ⊂ . . .. We show that
our construction has functorial property meaning that it produces the sequence of
embeddings of the smooth manifolds with corners which accordingly resolve the
singular points of the orbit spaces Xn.
In the case of the toric manifolds the interiors of admissible polytopes do not
intersect. The difficulties in the description of the orbit spaces Gn,k/T
n is caused
by the fact that there are, as a rule, admissible polytopes whose interiors have
non-empty intersection
In the paper of Goresky-MacPherson [12] it was suggested the decomposition of
∆n,k into disjoint union of chambers Cω. The chambers are obtained by the inter-
sections of the interiors of all admissible polytopes, that is Cω = ∩σ∈ω
◦
P σ, such
that Cω∩
◦
P σ= ∅ if σ 6∈ ω. They pointed that for any x, y ∈ Cω the preimages or-
bit spaces µ−1(x)/T n and µ−1(y)/T n are homeomorphic, that is homeomorphic
to some compact topological space Fω. Note that Fω has the canonical decom-
position as Fω = ∪σ∈ωFσ. The difficulties with the description of the orbit space
Gn,k/T
n - structure is caused by the fact that preimages Fω1 and Fω2 are not in
general homeomorphic for ω1 6= ω2 and one needs to make them correspondent.
We resolve this problem for the Grassmannians Gn,2 by showing that there exist a
smooth manifold Fn, that is a universal space of parameters, and the continuous
projection G : Un = ∆n,2×Fn → Xn, see Theorem 9 and Theorem 10. The pro-
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jection G defines on Un = ∆n,2×Fn an equivalence relation which we explicitly
describe in terms of the chamber decomposition of ∆n,2 and the corresponding
decompositions of the manifold Fn. In the result we obtain that the orbit space
Xn is a quotient space of a smooth manifold with corners Un = ∆n,2 × Fn by
this equivalence relation. Our construction is based on two main inputs: first we
show that the decomposition of ∆n,2 indicated by Goresky-MacPherson can be
described in terms of some special hyperplane arrangement; second we prove that
for any point x ∈ ∆n,2 the union F˜x = ∪F˜σ of all virtual spaces of parameters F˜σ,
which correspond to the admissible polytopes Pσ such that x ∈
◦
P σ coincide with
the universal space of parameters, that is F˜x = Fn. In the result we obtain the re-
quired projection Un = ∆n,2 × Fn → Xn. The smooth manifold with corners Un
is a resolution of singularities of Xn which is functorially related to the sequence
of the natural embeddings of these orbit spaces and which is compatible with the
structure of the above chamber decomposition of the hypersimplex∆n,2.
Moreover, it is defined the action of the symmetric group Sn on Xn by the action
of the normalizerN(T n) in U(n) onGn,2 = U(n)/(U(2)×U(n−2)). The group
Sn acts as well on ∆n,2 by the permutation of the vertices, this action preserves
the chamber decomposition of ∆n,2 and the induced moment map µˆn,,2 : Xn →
∆n,2 is Sn - equivariant. Using this one can define Sn-action on Un and the map
G : Un → Xn, which resolves the singular points of Xn is Sn-equivariant.
We want to point that our results may have application in the study of positive
complexity torus actions which has been recently extensively developing, see for
example [1], [3], [14], [26]. In that context the theory of spherical manifolds
including theory of homogeneous spaces of compact Lie groups provides numer-
ous examples of positive complexity torus actions, [3]. The interesting examples
arise as well in the theory of symplectic manifolds with Hamiltonian torus actions,
[15]. In the recent time many non-trivial results about positive complexity torus
actions are obtained by the methods of equivariant algebraic topology.
In addition, in the focus of recent studies are the description of torus orbit closures
for different varieties, see [20], [21], [23]. Our geometric analytical description of
the admissible, that is matroid, polytopes for Gn,2 may lead to the results in this
direction.
5
2 T n- equivariant automorphisms of Gn,k
We first analyse the relations between the T n-equivariant automorphisms of Gn,k
and the standard moment map µn,k : Gn,k → R
n.
Let Gn,k be a complex Grassmann manifold of k-dimensional complex planes
in Cn. It is known [4] that the group of holomorphic automorphisms AutGn,k
is isomorphic to the projective group PU(n) if n 6= 2k, while for G2k,k it is
isomorphic to Z2×PU(n), where n = 2k. The group Z2 is defined by the duality
isomorphism. The duality isomorphism for G2k,k we obtain from the standard
diffeomorphism cn,k : Gn,k → Gn,n−k: denote by l : C
n → (Cn)∗ the canonical
isomorphism, where (Cn)∗ is the dual space for Cn, let L ∈ Gn,k and put L
′
=
{λ ∈ (C∗)n|λ(v) = 0 for any v ∈ L}. Then it is defined cn,k(L) = l
−1(L
′
) and
for n = 2k it gives one more non-linear isomorphism for G2k,k.
Further, the symmetric group Sn acts on C
n by permuting the coordinates, so any
s ∈ Sn produces the automorphism s : Gn,k → Gn,k. It follows that Sn is a
subgroup of AutGn,k.
Let us consider the canonical action of the compact torus T n onGn,k and let S
1 be
the diagonal circle in T n. Then T n−1 = T n/S1 acts effectively on Gn,k and it is a
maximal torus in PU(n). The normalizer of T n−1 in PU(n) is T n−1 ⋊ Sn. The
canonical diffeomorphism cn,k : Gn,k → Gn,n−k is equivariant for the canonical
torus action as well. We summarize:
Lemma 1. The subgroup of AutGn,k which contains those elements that commutes
with the canonical T n-action on Gn,k is T
n−1 ⋊ Sn for n 6= 2k and it is Z2 ×
(T n−1 ⋊ Sn) for n = 2k.
LetW0 ⊂ Gn,k/T
n be the set of fixed point for the considered T n-action on Gn,k.
We find useful to note the following:
Proposition 1. Let H be a subgroup of those holomorphic automorphisms for
Gn,k for which the set W0 is invariant. Then H = T
n−1
⋊ Sn for n 6= 2k and i
H = Z2 × (T
n−1 ⋊ Sn) for n = 2k.
Proof. We need to prove that if f ∈ H then f commutes with the canonical
T n-action on Gn,k. The fixed points for the canonical action of T
n on Gn,k are k-
dimensional coordinate subspaces in Cn. Let v be a coordinate vector. There are(
n−1
k−1
)
coordinates k-subspaces which contains v. Let L be a such subspace and
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f ∈ PU(n) which leavesW0 invariant. For the linear isomorphism fˆ representing
f it holds that fˆ(L) is a k-dimensional coordinate subspace defined by zi1 = . . . =
zik = 0 for some 1 ≤ i1 < . . . < ik ≤ n, which implies that the coordinates of
fˆ(v) indexed by i1, . . . , ik are equal to zero. Since there are at least n−1 different
k-dimensional coordinate subspaces which contains v it follows that fˆ(v) has
to be, up to constant, a coordinate vector. Therefore the isomorphism fˆ , up to
constants, permutes the coordinate vectors. It implies that fˆ commutes with T n -
action on Cn, so f commutes with the induced T n-action on Gn,k. When k = 2n,
the nontrivial map f ∈ Z2 any k-dimensional coordinate subspace maps to its
orthogonal complement which is a k-coordinate subspace as well.
Now, let µn,k : Gn,k → ∆n,k ⊂ R
n be the standard moment map that is
µn,k(L) =
1∑
|P J(L)|2
∑
|P J(L)|2ΛJ ,
where ΛJ ∈ R
n, Λi = 1 for i ∈ J , while Λi = 0 for i /∈ J and J ⊂ {1, . . . , n},
‖J‖ = k.
Assume that f ∈ AutGn,k is an automorphism for which there exists a combina-
torial isomorphism f¯ : ∆n,k → ∆n,k such that the following diagram commutes:
Gn,k
f
−−−→ Gn,kyµn,k yµn,k
∆n,k
f¯
−−−→ ∆n,k,
(1)
that is µn,k ◦ f = f¯ ◦ µn,k.
Lemma 2. If an automorphism f of Gn,k satisfies the assumption (1) then f ∈
T n−1 ⋊ Sn for n 6= 2k and f ∈ T
n−1 × (Z2 × Sn) for n = 2k.
Proof. Since µn,k gives a bijection between the set W0 of fixed points for T
n-
action on Gn,k and the vertices of ∆n,k, and, by assumption f¯ is a combinatorial
isomorphism, it follows that f leaves the setW0 invariant. The statement follows
from Proposition 1.
We prove now that the automorphisms which satisfy (1) in fact coincide with
T n−1 ⋊ Sn or Z2 × (T
n−1 ⋊ Sn).
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Since µn,k is T
n-invariant it follows that any f ∈ T n−1 < AutGn,k satisfies (1) as
one can take f¯ = id∆n,k . The action of symmetric group Sn on Gn,k induces the
action of Sn on∆n,k given by the permutations of coordinates.
Lemma 3. For any s ∈ Sn the combinatorial automorphism s¯ : ∆n,k → ∆n,k
such the diagram (1) commutes is given by the permutation of coordinates in Rn
which is defined by s.
Proof. Since P J(s(L)) = P s(J)(L) = P J(L) for any L ∈ Gn,k it follows that
µn,k(s(L)) = ((pr1◦µn,k)(s(L)), . . . , (prn◦µn,k)(s(L)) = ((prs(1)◦µn,k)(L), . . . , (prs(n)◦
µn,k)(L)) = s¯(µn,k(L)), where pri : R
n → R1i is the projection on i-th coordinate,
1 ≤ i ≤ n.
As for the involutive automorphism of G2k,k we first recall an explicit description
of the diffeomorphism cn,k : Gn,k → Gn,n−k. Let L ∈ Gn,k and assume that
the Plu¨cker coordinate P J(L) 6= 0, where J = {1, . . . , k}. Then there exists the
base for L in which L can be represented by n×k-matrix whose submatrix which
consists of the first k columns is an identity matrix, that is
L =
(
I
A
)
, where A is (n− k)× k matrix. (2)
It is easy to check that the (n − k)-dimensional subspace l−1(L
′
) can be repre-
sented by the matrix
l−1(L
′
) =
(
−AT
I
)
, where I is (n− k)× (n− k) identity matrix. (3)
It immediately implies the following:
Lemma 4. For any J ⊂ {1, . . . , n}, ‖J‖ = k it holds
P J(L) = ±P J¯(l−1(L
′
)), where J¯ = {1, . . . , n} \ J. (4)
Then Lemma 4 implies:
Lemma 5. There exists a combinatorial isomorphism c¯n,k : ∆n,k → ∆n,n−k such
that the following diagram commutes
Gn,k
cn,k
−−−→ Gn,n−kyµn,k yµn,n−k
∆n,k
c¯n,k
−−−→ ∆n,n−k.
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Proof. Consider an isomorphism c¯n,k : ∆n,k → ∆n,n−k which sends x =
∑
J⊂{1,...,n},‖J‖=k
αJΛJ
to c¯n,k(x) =
∑
J⊂{1,...,n},‖J‖=k
αJ¯ΛJ¯ , where J¯ = {1, . . . n} \ J . It directly follows
from (4) that c¯n,k is a required combinatorial isomorphism.
For n = 2k we obtain the automorphism c¯2k,k : ∆2k,k → ∆2k,k which is given by
c¯2k,k(x) =
∑
J⊂{1,...,2k},‖J‖=k
αJ¯(1− ΛJ), (5)
where x =
∑
J⊂{1,...,n},‖J‖=k
αJΛJ and 1 = (1, . . . , 1).
Together with Lemma 5 this implies:
Lemma 6. For n = 2k the isomorphism c¯2k,k : ∆2k,k → ∆2k,k is given by
x→ 1− x, (6)
where 1 = (1, . . . , 1).
Proof. For x = (x1, . . . , x2k) ∈ ∆2k,k we have that
xi =
1∑
J,‖J‖=k
|P J(L)|2
∑
J,i∈J,‖J‖=k
|P J(L)|2 for some L ∈ Gn,k.
Then from (5) it follows that
c¯2k,k(x)i =
1∑
J⊂{1,...,n},‖J‖=k
|P J(L)|2
∑
J⊂{1,....n}\{i}, |J‖=k
|P J(L)|2 =
1
k
(x2+. . .+xn−(k−1)x1, . . . , x1+. . .+xn−1−(k−1)xn) = (1−x1, . . . , 1−xn),
since x1 + . . . xn = k.
Altogether we obtain:
Proposition 2. An element f ∈ Gn,k satisfies the assumption (1) if and only if
f ∈ T n−1 ⋊ Sn for n 6= 2k and f ∈ Z2 × (T
n−1
⋊ Sn) for n = 2k.
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For the preimages of the points form ∆n,k by the moment map it holds:
Lemma 7. If f ∈ AutGn,k satisfies assumption (1) then µ
−1
n,k(x) is homeomorphic
to µ−1n,k(f¯(x)) for any x ∈ ∆n,k.
Proof. From (1) it directly follows that f : µ−1n,k(x) → µ
−1
n,k(f¯(x)). Since f is an
automorphism the statement follows.
Since any automorphism for Gn,k which commutes with T
n-action produces a
homeomorphism of Gn,k/T
n and the moment map is T n-invariant, we deduce
from Proposition 2 the following.
Corollary 1. For n 6= 2k, the subspaces µ−1n,k(x)/T
n, µ−1n,k(s(x))/T
n ⊂ Gn,k/T
n
are homeomorphic for any x ∈ ∆n,k and any s ∈ Sn. For n = 2k, the subspaces
µ−1n,k(x)/T
n, µ−1n,k(f¯(x))/T
n are homeomorphic for any x ∈ ∆n,k and any f¯ ∈ Sn
or f¯ = 1− x.
3 Grassmann manifolds Gn,2
3.1 Admissible polytopes
We first recall the notions of an admissible polytope and a stratum as introduced
in [7]. Some other equivalent definition may be found in [11]. Let Mij = {L ∈
Gn,2|P
ij(L) 6= 0}, where {i, j} ⊂ {1, . . . , n}, i < j be the standard Plu¨cker
charts on Gn,2 and put Yij = Gn,k \Mij . A nonempty set
Wσ =
( ⋂
{i,j}∈σ
Mij
)
∩
( ⋂
{i,j}/∈σ
Yij
)
is called a stratum, where σ ⊂
(
n
2
)
. For a stratumWσ we have that µ(Wσ) =
◦
P σ,
where Pσ is a convex hull of the vertices Λij , {i, j} ∈ σ. A polytope Pσ which
can be obtained in this way is said to be an admissible polytope. In addition, all
points fromWσ has the same stabilizer Tσ ⊆ T
n and the torus T σ = T n/Tσ acts
freely onWσ, see [7].
The boundary ∂∆n,2 consists of n copies of the hypersimplex∆n−1,2 and n copies
of the simplex∆n−1,1. Moreover, µ
−1(∂∆n,2) = n#µ
−1(∆n−1,2)∪n#µ
−1(∆n−1,1) =
10
n#Gn−1,2 ∪ n#CP
n−2 . It follows that the admissible polytopes for Gn,2 can be
described inductively, by describing those which intersect the interior of∆n,2. We
have that dim∆n,2 = n− 1 and that dimPσ is equal to the dimension of the torus
T σ which acts freely on the stratum Wσ for any admissible polytope Pσ in ∆n,2,
see [7].
Note that one can find in [13] as well the description of the admissible polytopes
Pσ ⊂ ∆n,2 for T
n-action in Gn,2 in terms of matroid theory and Chow quotient
Gn,2//(C
∗)n: there are first described all matroid decomposition of∆n,2 and after-
wards it is proved that there are all realizable, that is all of them come from some
non-empty Chow strata in Gn,2//(C
∗)n.
We provide here the new purely analytical description of the admissible polytopes
for Gn,2, which is going to be suitable for our purpose of the description of an
orbit space Gn,2/T
n.
We find useful to point to the following observation. Let pri : R
n → R1i denotes
the projection on i-th coordinate, 1 ≤ i ≤ n.
Lemma 8. A point x ∈ ∆n,k belongs to the boundary ∂∆n,k if and only if pri(x) =
0 or pri(x) = 1 for some 1 ≤ i ≤ n. Moreover, a polytope P which is the convex
span of some vertices of∆n,k belongs to ∂∆n,k if and only if there exists 1 ≤ i ≤ n
such that pri(x) = 0 for all x ∈ P or pri(x) = 1 for all x ∈ P .
Proposition 3. Any admissible polytope for Gn,2 whose dimension is ≤ n − 3
belongs to the boundary ∂∆n,2 for ∆n,2.
Proof. Let Pσ be an admissible polytope and let dimPσ = q ≤ n− 3. Because of
the action of the symmetric group, we can assume that the V0 = (1, 1, 0, . . . , 0) is a
vertex for Pσ. Then there exist q vertices V1, . . . , Vq for P which are adjacent to V0
and the dimension of the subspaceG spanned by the vectors V0−V1, . . . , V0−Vq
is equal to q. The polytope Pσ is the intersection of hypersimplex ∆n,2 and the
q-dimensional plane which contains the point V0 and which is directed by the
subspace G. Since V1, . . . Vq are adjacent to V0 they must have 0 and 1 at the first
two coordinate places. Thus, any of Vi’s, 1 ≤ i ≤ q has exactly one 1 and the
last n − 2 places. Since q ≤ n − 3, all Vi, 1 ≤ i ≤ q must have one common
coordinate xj , j ≥ 3 which is equal to zero. It implies that Pσ belongs to the
boundary ∂∆n,2.
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3.2 Admissible polytopes of dimension n− 2
The admissible polytopes of dimension n − 2 can be divided into those which
belong to the boundary ∂∆n,2 and those which intersect the interior of∆n,2. Those
on ∂∆n,2 are given by n hypersimplices ∆n−1,2 and their (n − 2)-dimensional
admissible polytopes, and ∆n−1,1 which is the simplex∆
n−2 .
We describe here those admissible (n− 2)-dimensional polytopes which intersect
the interior of ∆n,2.
Denote byΠ{i,j} the set of all (n−2)-dimensional planes which contain the vertex
Λ{i,j} = ei + ej , which are parallel to the edges of∆n,2 that are adjacent to Λ{i,j},
and which intersect the interior of ∆n,2. The edges adjacent Λ{i,j} are given by
e{j,s} = Λ{i,j} − Λ{i,s}, s 6= i, j,
e{i,q} = Λ{i,j} − Λ{q,j}, q 6= i, j.
Note that the vectors e{j,m} and e{i,s} represent the complementary roots forU(2)×
U(n− 2) related to U(n) and Gn,2 can be represented as the homogeneous space
U(n)/U(2)× U(n− 2). The planes Π{i,j} can be described as follows:
Lemma 9. The set Π{i,j} consists of the planes
αS{i,j},l = Λ{i,j} + Fl,S, 1 ≤ l ≤ n− 3, S ⊂ {1, . . . , n}, ‖S‖ = l
and i, j /∈ S. The directrix Fl,S is spanned by the vectors
e{j,s} and e{i,q}, s ∈ S, q /∈ S ∪ {i, j}.
It is easy to verify that the planes αS{i,},l can be more explicitly written:
Corollary 2. The set Π{i,j} consists of the (n− 2)-dimensional planes which are
obtained as the intersection of the plane
n∑
i=1
xi = 2 with the planes
xj +
∑
s∈S
xs = 1, (7)
where S ⊂ {1, . . . , n}, ‖S‖ = l, 1 ≤ l ≤ n − 3 and i, j /∈ S. These planes
coincide with the planes
xi +
∑
s/∈{i,j}∪S
xs = 1. (8)
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The group Sn acts on the set {Π{i,j}, 1 ≤ i < j ≤ n}. The stabilizer of Sn-action
on the set {Π{i,j}, 1 ≤ i < j ≤ n} is the group S2 × Sn−2, that is the group
S2 × Sn−2 acts on the set Π{i,j}.
We first prove the following:
Proposition 4. The admissible polytopes of dimension n− 2 which do not belong
to the boundary ∂∆n,2 coincide with the polytopes obtained by the intersection of
∆n,2 with the planes from Π{i,j}, where 1 ≤ i < j ≤ n.
Proof. Let Pσ be an admissible polytope which does not belong to the boundary
∂∆n,2. Because of the action of the symmetric group Sn, we can assume that
Λ{1,2} is a vertex of Pσ. Since dimPσ = n− 2 it follows that Λ{1,2} has n− 2 lin-
early independent adjacent vertices in Pσ. Any of these vertices has one 1 and one
0 at the first two coordinate places. Let l be the number of these vertices having 1
as the first coordinate, then they have exactly one 1 at the last n − 2 coordinates.
Due to the Sn-action we can assume that these vertices are Λ{1,3}, . . . ,Λ{1,l+2}.
The other n− 2− l vertices have 0 as the first coordinate, 1 as the second coordi-
nate and they all have exactly one 1 at the last n− 2 coordinates. We claim that 1
has to be among the last n − l − 2 coordinates for all these n− 2 − l vertices. If
this is not the case, one of these vertices would have the last n− 2− l coordinates
all equal to zero. For the other of these vertices we eventually would have 1 at the
last n− l− 2 coordinate places, and these places have to be different for different
vertices. The number of such vertices is at most n− 3− l, so they must have one
common of the last n− l− 2 coordinates which is equal to zero and consequently
it is zero coordinate for all n−2− l vertices, that is for all n−2 vertices. It would
imply that the polytope Pσ belongs to ∂∆n,2.
Therefore, the other n − 2 − l vertices are Λ{2,j}, l + 2 ≤ j ≤ n. It follows that
the polytope Pσ, up to the action of the symmetric group Sn belongs to the plane
α{1,2},l = α
S
{1,2},l where S = {3, . . . , l + 2} for some 1 ≤ l ≤ n− 3.
Let now P be a polytope, which is obtained as the intersection of ∆n,2 with a
plane from the set Π{1,2}, up to the action of the group Sn. The points of the plane
α{1,2},l can be explicitly written in R
n as:
(1+al+1+ . . .+an−2, 1+a1+ . . .+al,−a1, . . . ,−an−2), ai ∈ R, 1 ≤ i ≤ n−2.
It follows that the vertices of ∆n,2 which belong to this plane are Λ{1,j}, 2 ≤ j ≤
l + 2, Λ{2,}j , l + 3 ≤ j ≤ n and Λ{i,j}, 3 ≤ i ≤ l + 2, l + 3 ≤ j ≤ n, that is P is
the convex hull of these vertices. If we consider the point L ∈ Gn,2 given by the
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matrix AL such that a11 = a22 = 1, a12 = a21 = 0, ai1 = a2j = 0, 3 ≤ i ≤ l + 2,
l + 3 ≤ j ≤ n and a1j 6= 0, l + 3 ≤ j ≤ n, a2j 6= 0, 3 ≤ j ≤ l + 2, we see
that the image by the moment map of the closure (C∗)n-orbit of the point L is the
polytope P . Thus, P is an admissible polytope.
Proposition 5. The number of irreducible representations for S2 × Sn−2-action
on Π{i,j} is [
n−2
2
]. The dimensions of these irreducible representations are:
for n odd :
(
n− 2
l
)
, 1 ≤ l ≤ [
n− 2
2
] ,
for n even :
(
n− 2
l
)
, 1 ≤ l < [
n− 2
2
] and
2
n− 2
(
n− 2
n−2
2
)
Proof. The number of planes in the set Π{i,j} is
|Π{i,j}| =
n−3∑
l=1
(
n− 2
l
)
= 2n−2 − 2.
It implies that the group Sn−2 acts on the set Γ{i,j} = Π{i,j}/S2 which consists of
q = 2n−3−1 elements. Moreover, from the description of the planes from Π{i,j} it
follows that the set of generators for Sn−2- action on Γ{i,j} is given by the planes
α{i,j},l = α
S
{i,j},l, where S = {1, . . . , l + δ{i,j}}, δ{i,j} = 0, 1, 2 corresponding to
the cases l < i < j, i ≤ l < j, i < j ≤ l and 1 ≤ l ≤ [n−2
2
]. The stabilizer of
the element α{i,j},l is Sl × Sn−2−l for 1 ≤ l < [
n−2
2
]. For l = [n−2
2
] and n odd,
that is l = n−3
2
, the stabilizer is Sl×Sn−2−l , while for n even, that is l =
n−2
2
, the
stabilizer is Sl × Sl × Sl. It follows that the Sn−2 action on Γ{i,j} corresponds to
the representation of Sn−2 in C
2n−3−1 whose irreducible summands for n odd are
in dimensions
(n−2)!
l!(n−2−l)!
, 1 ≤ l ≤ [n−2
2
], while for n even they are in dimensions
(n−2)!
l!(n−2−l)!
, 1 ≤ l < [n−2
2
] and (n−2)!
(n−2
2
!)3
.
In this way, the Proposition 4 can be improved as follows:
Corollary 3. The admissible polytopes of dimension n − 2 which do not belong
to the boundary ∂∆n,2 are , up to the action of the symmetric group Sn, given by
the intersection of∆n,2 with the planes α{1,2},l, where 1 ≤ l ≤ [
n−2
2
].
Using Corollary 2 we can summarize the previous result as follows:
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Theorem 1. The admissible polytopes for Gn,2 of dimension n − 2 which have
non-empty intersection with
◦
∆n,2 are given by the intersection of∆n,2 with the set
Π which consists of the planes:∑
i∈S,‖S‖=p
xi = 1, where S ⊂ {1, . . . , n}, 2 ≤ p ≤ [
n
2
]. (9)
We also find useful to note the following:
Corollary 4. An admissible polytope of dimension n−2 defined by the hyperplane
xk +
∑
i∈S,k/∈S
xi = 1, is a convex span of the vertices Λi,k for i ∈ S, where S ⊂
{1, . . . , n}, ‖S‖ = p, 2 ≤ p ≤ [n
2
] and 1 ≤ k ≤ n.
We describe as well the numbers of vertices of these polytopes:
Corollary 5. An admissible polytope of dimension n − 2 which does not belong
to the boundary of∆n,2 has
np = p(n− p),
vertices for some 2 ≤ p ≤ [n
2
].
Moreover, the number qp of admissible polytopes which have np, 2 ≤ p ≤ [
n
2
]
vertices is
qp =
(
n
p
)
for n odd,
qp =
(
n
p
)
for n even and 1 ≤ l < [
n− 2
2
],
qn
2
=
(
n
n
2
)
2
for n even.
Example 1. It follows from Corollary 3 that G4,2 has one generating admissible
polytope of dimension 2 which is inside∆4,2. This polytope has 4 vertices and its
S4-orbit consists of 3 polytopes, which give all admissible polytopes of dimension
2 that are in
◦
∆4,2. These polytopes are defined by the planes x1+x2 = 1, x1+x3 =
1 and x1 + x4 = 1.
Example 2. The GrassmannianG5,2 has one generating admissible interior poly-
tope of dimension 3 which is inside ∆5,2. It has 6 vertices and its S5-orbit has
10 elements which give all admissible polytopes of dimension 3 that are in
◦
∆5,2.
These polytopes are defined by the planes xi + xj = 1 where 1 ≤ i < j ≤ 5.
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Example 3. The Grassmannian G6,2 has 2 generating admissible polytopes of
dimension 4 inside ∆6,2. These polytopes have 8 and 9 vertices and their S6-
orbits consists of 15 and 10 elements respectively. They are defined by the planes
xi + xj = 1, 1 ≤ i < j ≤ 6 and x1 + xj + xk = 1, 2 ≤ i < j ≤ 6. Note that
here the corresponding representation for S2×S4- action on C
7 has 2 irreducible
summands of dimension 4 and 3.
3.3 Admissible polytopes of dimension n− 1
Before to describe the admissible polytopes of dimension n− 1, we first need the
following result.
Lemma 10. Assume that the points of an admissible polytope Pσ, dimPσ = n−1
satisfy inequalities ∑
i∈I
xi ≤ 1 and
∑
j∈J
xj ≤ 1,
where I, J ⊂ {1, . . . , n}. If I ∩ J 6= ∅ then the points of Pσ satisfy as well an
inequality ∑
s∈I∪J
xs ≤ 1.
Proof. If I ∩ J 6= ∅ then Pσ does not contain the vertices Λij , i ∈ I , j ∈ J , that is
P ij(L) = 0 for all points L from the stratumWσ. Now if x = (x1, . . . , xn) ∈ Pσ
then x = µ(L) for some L ∈ Wσ. Note that for s ∈ I ∪ J we have
xs =
Ss
S
, Ss =
∑
m/∈I∪J
P sm(L),
and S =
∑
1≤p<q≤n
P pq(L). It follows that in the different sums Ss, s ∈ I ∪ J
contribute different Plu¨cker coordinates P sm(L). Therefore
∑
s∈I∪J
xs =
1
S
∑
s∈I∪J
Ss ≤ 1.
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Corollary 6. If
∑
i∈I
xi = 1 and
∑
j∈J
xj = 1 are the facets of an admissible polytope
Pσ, dimPσ = n − 1, ‖I‖, ‖J‖ ≥ 2 and the points of Pσ satisfy
∑
i∈I
xi ≤ 1 and∑
j∈J
xj ≤ 1 then I ∩ J = ∅.
We now provide the description of the admissible polytopes of dimension n− 1.
Theorem 2. The admissible polytopes for ∆n,2 of dimension n − 1 are given by
∆n,2 and the intersections with ∆n,2 of all collections of the half-spaces of the
form
HS :
∑
i∈S
xi ≤ 1, S ⊂ {1, . . . , n}, ‖S‖ = k, 2 ≤ k ≤ n− 2,
such that if HS1 , HS2 belongs to a collection then S1 ∩ S2 = ∅.
It follows that any polytope which can be obtained as the intersection with ∆n,2
of a half-space of the form
∑
s∈S
xs ≤ 1, where S ⊂ {1, . . . , n}, ‖S‖ = k and
2 ≤ k ≤ n−2 is an admissible (n−1)-dimensional polytope. Also, any polytope
which can be obtained as the intersection with ∆n,2 of the intersection of half-
spaces of the form
∑
i∈I
xi ≤ 1 and
∑
j∈J
xj ≤ 1 such that I ∩ J = ∅ is an admissible
polytope, where ‖I‖, ‖J‖ ≥ 2. Continuing in this way we describe all admissible
polytopes of dimension n− 1.
Proof. Any admissible polytope Pσ of dimension n − 1 which is not ∆n,2 has a
facet which intersects
◦
∆n,2.
1) If Pσ has exactly one facet which intersect
◦
∆n,2 then according to Theorem 1,
we have that Pσ is given by those points in∆n,2 which satisfy one of the inequal-
ities
∑
i∈I
xi ≤ 1 or
∑
i∈I
xi ≥ 1 for some I ⊂ {1, . . . , n}, ‖I‖ = l and 2 ≤ l ≤ [
n
2
].
Since the points from ∆n,2 satisfy
n∑
i=1
xi = 2 it follows that the second inequality
is equivalent to
∑
j∈{1,...,n}\I
xj ≤ 1.
2) Assume that Pσ has two facets which intersect
◦
∆n,2 and which are given by∑
i∈I
xi = 1 and
∑
j∈J
xj = 1, (10)
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which is equivalent to ∑
i∈{1,...,n}\I
xi = 1 and
∑
j∈{1,...,n}\J
xj = 1, (11)
where I, J ⊂ {1, . . . , n}, ‖I‖, ‖J‖ ≥ 2. Therefore, we can always assume that
Pσ is given by ∑
i∈I
xi ≤ 1 and
∑
j∈J
xj ≤ 1, (12)
Then Lemma 10 implies that I ∩ J = ∅.
Arguing by induction one can prove in the same way the statement for an admis-
sible polytope Pσ with an arbitrary finite number of interior facets.
Example 4. It follows from Theorem 2 that the admissible polytopes for G4,2 of
dimension 3 are∆4,2 and the intersection of∆4,2 with the half spaces xi+xj ≤ 1,
1 ≤ i < l ≤ 4. There are
(
4
2
)
= 6 such polytopes.
Example 5. The admissible polytopes for G5,2 of dimension 4 are: ∆5,2 and the
polytope obtained by the intersection of ∆5,2 with the
1. half spaces xi + xj ≤ 1, 1 ≤ i < j ≤ 5
2. half space xi + xj + xk ≤ 1, 1 ≤ i < j < k ≤ 5, which can be written as
xp + xq ≥ 1, 1 ≤ p ≤ q ≤ 5
3. intersection of the half spaces xi + xj ≤ 1 and xp + xq ≤ 1, where {i, j} ∩
{p, q} = ∅, 1 ≤ i < j ≤ 5, 1 ≤ p < q ≤ 5.
There are 10 polytopes of type (1) and any of them has 9 vertices, there are 10
polytopes of type (2) and any of them has 7 vertices and there are 15 polytopes of
type (3) and any of them has 8 vertices.
Example 6. The admissible polytopes for G6,2 of dimension 5 are: ∆6,2 and the
polytope obtained by the intersection of ∆6,2 with the
1. half spaces xi + xj ≤ 1, 1 ≤ i < j ≤ 6;
2. half spaces xi + xj + xk ≤ 1, 1 ≤ i < j < k ≤ 6;
3. half spaces xi + xj + xk + xl ≤ 1, 1 ≤ i < j < k < l ≤ 6 which can be
written as xp + xq ≥ 1, 1 ≤ p < q ≤ 6;
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4. intersection of the half spaces xi + xj ≤ 1 and xp + xq ≤ 1, where {i, j} ∩
{p, q} = ∅, 1 ≤ i < j ≤ 6, 1 ≤ p < q ≤ 6.
5. intersection of the half spaces xi + xj ≤ 1 and xp + xq + xs ≤ 1, where
{i, j} ∩ {p, q, s} = ∅, 1 ≤ i < j ≤ 6, 1 ≤ p < q < s ≤ 6.
The number of these polytopes and their vertices are as follows: type (1) - (15, 14),
type (2) - (20, 12), type (3) - (15, 9), type (4) - (45, 13) and type (5) - (60, 11).
4 Spaces of parameters for Gn,2
The algebraic torus (C∗)n acts canonically onGn,2 and its action is an extension of
T n- action. The strataWσ are invariant under (C
∗)n-action and the corresponding
orbit spaces Fσ = Wσ/(C
∗)n we call the spaces of parameters of the strata. In this
section we discuss the spaces of parameters of the strata inGn,2 whose admissible
polytopes intersect the interior of ∆n,2. Moreover, we show that the space Fn
described in [9] is a universal space of parameters forGn,2 and describe the virtual
spaces of parameters of these strata. The notions of universal space of parameters
an virtual spaces of parameters are defined in [7] and [8].
4.1 The spaces of parameters for the strata in Gn,2
Let us fix the chartM12, this can be done without loss of generality because of the
action of symmetric group Sn. The elements of this chart can ne represented by
the matrices which have the first 2 × 2-minor equal to identity matrix. We con-
sider the coordinates for the points fromM12 as the columns of the corresponding
matrices that is (z3, . . . , zn, w3, . . . , wn). The charts are invariant for the action of
the algebraic torus (C∗)n and this action is, in the local coordinates of the chart
M12, given by
(
t3
t1
z3, . . . ,
tn
t1
zn,
t3
t2
w3, . . . ,
wn
t2
wn). (13)
If we put τ1 =
t3
t1
, . . . , τn−2 =
tn
t1
, τn−1 =
t3
t2
, we obtain that
ti
t2
=
τi−2 · τn−1
τ1
, 4 ≤ i ≤ n.
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4.1.1 The main stratum
The main stratum W is characterized by the condition that its points have non-
zero Plu¨cker coordinates, it belongs to any chart and its admissible polytope is
∆n,2
. The main stratum can be, in the chartM12, written by the system of equations
c
′
ijziwj = cijziwj, 3 ≤ i < j ≤ n, (14)
where the parameters (c
′
ij : cij) ∈ CP
1 and cij , c
′
ij 6= 0 and cij 6= c
′
ij for all
3 ≤ i < j ≤ n.
The number of parameters is N =
(
n−2
2
)
and it follows from (14) that these pa-
rameters satisfy the following equations
c
′
3ic3jc
′
ij = c3ic
′
3jcij, 4 ≤ i < j ≤ n. (15)
The number of these equations isM =
(
n−3
2
)
. . From (15) we obtain that
(cij : c
′
ij) = (c
′
3ic3j : c3ic
′
3j), 4 ≤ i < j ≤ n. (16)
(c3i : c
′
3i) 6= (c3j : c
′
3j), 4 ≤ i < j ≤ n. (17)
Note that (15) gives the embedding of the space Fn = W/(C
∗)n in (CP 1)N ,
N =
(
n−2
2
)
. Moreover, it follows from (15) that Fn is an open algebraic manifold
in (CP 1)N given by the intersection of the cubic hypersurfaces (15) and the con-
ditions that (c
′
ij : cij) ∈ CP
1 \A. The dimension of Fn is 2(n−3) what is exactly
equal to 2(N −M).
4.1.2 An arbitrary stratum
Any stratumWσ consists of those points from Gn,2 for which some fixed Plu¨cker
coordinates are zero. IfWσ ⊂M12 then the stratumWσ is defined by the condition
P 1i = 0, P 2j = 0 and P pq = 0, for some 3 ≤ i, j ≤ n , 3 ≤ p < q ≤ n. In
the local coordinates of the chart M12 this condition translates to wi = zj = 0
and zpwq = zqwp. Therefore, according to Lemma 14.10 from [8] any stratum
Wσ ⊂ M12 is obtained by restricting the surfaces (14) to some C
J , where J ⊂
{(3, 3), (3, 4), . . . , (n − 1, n), (n, n)} and ‖J‖ = l for some 0 ≤ l ≤ Q, where
Q = (n − 2)2. In particular, if an admissible polytope for Wσ has a maximal
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dimension n− 1 we have that l ≥ n− 1. It implies that if the space of parameters
Fσ = Wσ/(C
∗)n for Wσ is not a point, then it can be obtained by restricting the
intersection of the cubic hypersurfaces (15) to some q factors CP 1B = CP
1 \B in
(CP 1)N , where B = {(1 : 0), (0 : 1)} and 0 ≤ q ≤ l.
Proposition 6. If the admissible polytope Pσ of a stratumWσ intersects the inte-
rior of∆n,2 and dimPσ = n− 2 then the space of parameters Fσ is a point.
Proof. Since Pσ is an interior polytope in ∆n,2 it follows from Lemma 8 that
there must exist zi, wj 6= 0 for some 3 ≤ i, j ≤ n. Because of the action of the
symmetric group we can assume that zi 6= 0 for 3 ≤ i ≤ l ≤ n. Note that l is
≥ 3, but it must be that l ≤ n − 1. This is because dimPσ = n − 2 , so the
stabilizer for T n action on Wσ is of dimension 2, that is T
n−2 is a maximal torus
which acts freely onWσ. Then we have that wj 6= 0 for l+1 ≤ j ≤ n and wj = 0
for 3 ≤ j ≤ l. It implies that in the chart M12 the stratum Wσ is given by the
coordinates (z3, . . . zl, 0, . . . , 0, wl+1, . . . , wn), which means that Wσ consists of
one (C∗)n-orbit, that is Fσ is a point.
4.2 An universal space of parameters for Gn,2
The universal space of parameters Fn for a (2n, k)- manifoldM
2n with an effec-
tive action of the compact torus T k, k ≤ n, is a compactification of the space of
parameters Fn of the main stratum, see [8]. The universal space of parameters
for the Grassmannian G5,2 regarding to the canonical action of T
5 is defined and
explicitly described in [7]. The general notion of universal space of parameters
is axiomatized in [8]. In [19] it is proved that the Chow quotient Gn,2//(C
∗)n as
defined in [13] provides an universal space of parameters for Gn,2 regarded to the
canonical T n -action. The method in [19] is based on the embedding of the space
Fn in CP
N , N =
(
n+1
4
)
via the cross ratio of the Plu¨cker coordinates. In this
paper we show that the space Fn described in [9] is a universal space of parame-
ters for T n-action on Gn,2. This space Fn is obtained in [9] by the techniques of
a wonderful compactification of the space of parameters Fn of the main stratum,
starting form the requirement that the homeomorphisms of Fn which are defined
by the transition functions between the standard Plu¨cker charts for Gn,2 extends
to the homeomorphisms for Fn.
Let us fix the chartM12 and consider a stratumWσ ⊂M12. As already remarked,
in the local coordinates for the chartM12 this stratum is defined by the conditions
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zs = wm = 0 and ziwj = zjwi for some 3 ≤ s,m ≤ n and 3 ≤ i < j ≤ n. On
the other hand the main stratum W is in the chart M12 given by (15) and it is a
dense set in Gn,2. Using these two facts, one can try to assign the new space of
parameters F˜σ to Wσ. The question which arises here is in which ambient space
that is a compactification F for F the corresponding assignment is to be done.
The answer to this question is determined by the condition that such assignment
must not depend on a fixed chart.
First it is obvious that Fn has to contain the closure F¯n of Fn in (CP
1)N . This
closure is given by the intersection (15) in (CP 1)N . Second, the transition func-
tions between the charts produce the homeomorphisms between the records of the
space Fn in these charts. The compactificationFn should be such that these home-
omorphisms extend to the homeomorphisms of Fn for an arbitrary two charts.
Starting from these requirements the following theorem is proved in [9]:
Theorem 3. Let the manifoldFn is obtained by the wonderful compactification of
F¯n with the generating set of subvarieties F¯I ⊂ F¯n, defined by (cik : c
′
ik) = (cil :
c
′
il) = (ckl : c
′
kl) = (1 : 1) for ikl ∈ I , where I ⊂ {ikl | 3 ≤ i < k < l ≤ n}.
Then any homeomorphism fij,kl : Fn → Fn induced by the transition function
between the chartsMij andMkl extends to the homeomorphism of Fn.
We can now proceed as in the case of G5,2. To any stratum Wσ we assign the
virtual space of parameters F˜σ,12 ⊂ Fn in the chart M12 using the fact that the
main stratumW is a dense set inGn,2 . In this regard we differentiate the following
cases.
1. Wσ ⊂ M12 - we assign F˜σ,12 ⊂ Fn using the description (14) of the main
stratum.
2. Wσ ∩M12 = ∅ - we consider a chart Mij such that Wσ ⊂ Mij and assign
toWσ the space F˜σ,ij using (14). Then using homeomorphism for Fn stated
by Theorem 3 we assign to Wσ the subset F˜σ,12 ⊂ Fn which is the image
of F˜σ,ijFn by this homeomorphism. Proposition 9.11 from [7] applies here
directly to show that F˜σ,12 does not depend on the choice of a chart Mij
which containsWσ.
Remark 1. By the action of the symmetric group Sn the same construction holds
for an arbitrary chartMij , that is to any stratumWσ one can assign F˜σ,ij ⊂ Fn.
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Remark 2. It follows from (14) that for the main stratum it holds F˜ij ∼= F .
Moreover, if the stratum Wσ is defined by the condition that is has exactly one
zero Plu¨cker coordinate it also follows from (14) that F˜σ,ij ∼= Fσ. This is also
true for the strata which have exactly two zero Plu¨cker coordinates P ij and P kl
where i, j 6= k, l. For all other strata it follows from (14) that the corresponding
virtual and real spaces of parameters are not homeomorphic, that is the virtual
spaces of parameters are ”bigger”. For example, the space of parameters of the
stratum in Gn,2 defined by P
13 = P 14 = P 34 = 0 is, by the discussion pre-
ceding Proposition 6 homeomorphic to (CP 1A)
(n−4)(n−5)
2 subject to the relations
of the type (15). Its universal space of parameters is by (14) homeomorphic to
CP 1 × (1 : 0)2n−8 × (CP 1A)
(n−4)(n−5)
2 subject to the relations (15).
It si straightforward to verify that for an arbitrary chartMij it holds
⋃
σ
F˜σ,ij = Fn. (18)
Remark 3. To illustrate (18) we follows [7] and consider the Grassmann manifold
G5,2 and fix the chartM12. In the procedure of the wonderful compactification F5
is obtained by the blowing up of F¯5 at the point S = ((1 : 1), (1 : 1), (1 : 1)).
Now, in the chartM12 the space of parameters of the stratumWσ defined by P
34 =
P 35 = P 45 = 0 and P ij 6= 0 for all others i, j, is the point S. The virtual space of
parameters forWσ we can explicitly obtain if we look at this stratum in the chart
M13. Namely, the local coordinates forWσ inM13 are z2, z4 = z5 = 0, w2, w4, w5.
Therefore, it follows from (14) that F˜σ,13 = (1 : 0)×(1 : 0)×CP
1 ∼= CP 1, which
implies that F˜σ,12 ∼= CP
1, that is F˜σ,12 is homeomorphic to the exceptional divisor
at the point S.
In addition, in an analogous way as it was done for G5,2 in [7], paragraph 9.2, it
can be proved:
Proposition 7. There exists a canonical projection gσ,ij : F˜σ,ij → Fσ for any
admissible set σ and any chartMij .
Remark 4. From now on we will omit in the notation of the virtual spaces of
parameters the indices of the charts and write jut F˜σ.
Altogether, the proof of Theorem 11.11 for G5,2 directly generalizes to Gn,2 for
n ≥ 6, which verifies that the third condition of Axiom 6 for (2n, k)-manifolds
from [8] is satisfied. In this way we obtain:
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Theorem 4. The space Fn is the universal space of parameters for Gn,2.
Example 7. For n = 5 the universal space of parameters F5 is obtained as the
blow up of the smooth algebraic manifold F¯5 = {((c34 : c
′
34), (c35 : c
′
35), (c45 :
c
′
45)) ∈ (CP
1)3|c
′
34c35c
′
45 = c34c
′
35c45} at the point ((1 : 1), (1 : 1), (1 : 1)). This
result is obtained in [7], see also [9] for more general insight.
Example 8. For n = 6 the universal space of parametersF6 is obtained in [9] by
the wonderful compactification of the algebraic manifold F¯6 ⊂∈ (CP
1)6 defined
by
c
′
34c35c
′
45 = c34c
′
35c45, c
′
34c36c
′
46 = c34c
′
36c46,
c
′
35c36c
′
56 = c35c
′
36c56, c
′
45c46c
′
56 = c45c
′
46c56,
with generating subvarieties
F¯345 = F¯ ∩ {(c34 : c
′
34) = (c35 : c
′
35) = (c45 : c
′
45) = (1 : 1)}
F¯346 = F¯ ∩ {(c34 : c
′
34) = (c36 : c
′
36) = (c46 : c
′
46) = (1 : 1)}
F¯356 = F¯ ∩ {(c35 : c
′
35) = (c36 : c
′
36) = (c46 : c
′
46) = (1 : 1))}
F¯456 = F¯ ∩ {(c45 : c
′
45) = (c46 : c
′
46) = (c56 : c
′
56) = (1 : 1)}.
4.3 Critical and singular points for Gn,2/T
n
The notion of a critical point on Gn,2/T
n can be defined in one of the equivalent
ways. Consider a moment map µn,2 : Gn,2 → ∆n,2. It is a smooth map and there
are, in the standard way, defined the critical points and the critical values of this
map. It is proved in [8] that a point L ∈ Gn,2 is a critical point of the moment map
µn,2 if and only if the stabilizer of L related to the standard T
n-action on Gn,2 is
non-trivial. This is equivalent to say that the admissible polytope of the stratum
which contains L is not of maximal dimension n− 1.
We say that a point [L] ∈ Gn,2/T
n is a critical point if L ∈ Gn,2 is a critical
point in the above sense. This is correctly defined since obviously the notion of a
critical point on Gn,2 is invariant for T
n-action.
The notion of the critical points in Gn,2/T
n can be as well related to the singu-
larities of Gn,2/T
n following tubular neighborhood theorem. Precisely, the tubu-
lar neighborhood theorem states that for any point L ∈ Gn,2 there exists T
n-
equivariant diffeomorphism between the vector bundle T n ×TL V and the neigh-
borhood of the orbit T n ·L inGn,2, where TL is the stabilizer of the point L and V
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is the normal bundle in (TGn,2)Tn·L to the tangent bundle T (T
n ·L). It implies that
there exists a neighborhood in the orbit space Gn,2/T
n of the point defined by the
orbit T n ·L which has the form (T n×TL V )/T
n = V TL× cone(S(U)/TL), where
V TL is the subspace of V consisting of the vectors fixed by TL, U is subspace of
V defined by V = V TL ⊕ U related to some T n- invariant metric on Gn,2 and
S(U) is the corresponding unit sphere. In this way one concludes that any point
inGn,2/T
n which is defined by a point from Gn,2 having the non-trivial stabilizer,
has a neighborhood with cone-like singularities. In this way all singularities of
the orbit space G4,2/T
4 ∼= S5 are described in [6].
On the other hand to any stratumWσ ⊂ Gn,2 we assigned the corresponding space
of parameters Fσ and the virtual space of parameters F˜σ. As we noted in Remark 2
these spaces are in general not homeomorphic. We say that a point L ∈ Gn,2 is
a singular point for T n-action on Gn,2 if the space of parameters of the stratum
Wσ such that L ∈ Wσ is not homeomorphic to the virtual space of parameters for
Wσ. Since the notions of spaces of parameters and virtual spaces of parameters
are obviously invariant for the standard T n-action we can define the notion of a
singular point in the orbit space Gn,2/T
n.
Definition 1. A point [L] = T n · L ∈ Gn,2/T
n is said to be a singular point for
the standard T n-action on Gn,2 if the space of parameters Fσ of the stratumWσ,
L ∈ Wσ is not homeomorphic to the virtual space parameters F˜σ forWσ.
The singular points can be characterized in terms of the Plu¨cker coordinates as
follows.
Proposition 8. A point [L] ∈ Gn,2/T
n is a singular point if and only if there
exists i, 1 ≤ i ≤ n such that P ij(L) = 0 for all j 6= i, 1 ≤ j ≤ n or there exist
1 ≤ i < j < k ≤ n such that P ij(L) = P ik(L) = P jk(L) = 0.
Proof. We first note that all points from from T n ·L ⊂ Gn,2 have the same Plu¨cker
coordinates. Let [L] is a singular point inGn,2/T
n and let L ∈ Wσ. If Pσ ⊂ ∂∆n,2
then by Lemma 8 we have that Pσ belongs to the plane xi = 0 or to the plane
xi = 1 for some 1 ≤ i ≤ n. It implies that P
ij(L) = 0 for all j 6= i or P jk(L) = 0
for all j, k 6= i. Thus, the point L satisfies the condition of the statement. If
Pσ∩
◦
∆n,2 6= ∅, assume that the vertex Λ12 ∈ Pσ. Then Wσ belongs to the chart
M12 and let z3, . . . , zn, w3, . . . , wn be the local coordinates in this chart. Since Fσ
is not homeomorphic to F˜σ and Pσ 6⊂ ∂∆n,2 there exist 3 ≤ i < j ≤ n such that
zi = zj = 0 or wi = wj = 0. It implies that P
2i(L) = P 2j(l) = P ij(L) = 0 or
P 1i(L) = P 1j(L) = P ij(L) = 0, that is the statement holds.
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In proving opposite direction we can assume as well thatWσ ⊂ M12 and that i =
1. Then j, k ≥ 3 and in the local coordinates forM12 we have that wj = wk = 0.
Using (14) it implies that Fσ and F˜σ are not homeomorphic, they differ at least by
CP 1.
Proposition 9. All critical points for Gn,2/T
n are for n ≥ 5 the singular points
for Gn,2/T
n.
Proof. Let [L] be a critical point in Gn,2/T
n, assume that L belongs to the chart
M12 and let z3, . . . , zn, w3, . . . , wn be the local coordinates in this chart. Since
the stabilizer for L is non-trivial and n ≥ 5, it follows from (13) that there must
exist 3 ≤ i < j ≤ n such that zi = zj = 0 or wi = wj = 0 or there must exist
3 ≤ i ≤ n such that zi = wi = 0. In other words there exist 3 ≤ i < j ≤ n such
that P 2i(L) = P 2j(L) = P ij(L) = 0 or P 1i(L) = P 1j(L) = P ij(L) = 0 or there
exists 3 ≤ i ≤ n such that P ij(L) = 0 for any j 6= i. Then Proposition 8 implies
that the point [L] is a singular point in Gn,2/T
n.
Remark 5. Proposition 9 does not hold for n = 4. In that case the points which in
that chart M12 have coordinates z3, z4 = 0, w3 = 0, w4 or z3 = 0, z4, w3, w4 = 0
represent the points from G4,2/T
4 which are critical, but which are not singular
points. The points which have the local coordinates of this form in some chart
exhaust all critical points in G4,2/T
4 which are not singular.
Let SingXn denotes the set of singular point inXn and put Yn = Xn \ SingXn.
Proposition 10. The set Yn ⊂ Xn is a open, dense set inXn, which is a manifold.
Proof. The boundary ∂Wσ = W σ \ Wσ is by [11] the union of the strata W
′
σ
which correspond to the faces Pσ′ of the admissible polytope Pσ, for any stratum
Wσ. It implies by 4.1.2 that Fσ′ ⊆ Fσ and by 4.1.1 that F˜σ ⊆ F˜σ′ , for any such
σ
′
. Therefore, if a stratum Wσ consists of singular points then W σ consists of
singular points as well. It implies that SingXn = ∪W σ, where the union goes
over all the strata consisting of singular points, so Xn is a closed set. Thus, Yn is
an open, dense set inXn, which is a manifold, as it contains the orbit space of the
main stratum and it does not contain the critical points.
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5 The virtual spaces of parameters for Gn,2
We establish now some properties of the virtual space of parameters for Gn,2
which turn out to be important for the description of the orbit space Gn,2/T
n.
LetWσ be a stratum such that it admissible polytope satisfies Pσ∩
◦
∆n,2 6= ∅. Then
dimPσ = n−2 or dimPσ = n−1. If dimPσ = n−2 it is proved in the previous
sections that Wσ is an one-orbit stratum while for dimPσ = n − 1 it is not in
general.
Theorem 5. If Pσ is an admissible polytope such that dimPσ = n− 1 and Pσ′ is
a facet of Pσ such that Pσ′∩
◦
∆n,2 6= ∅ then
F˜σ ⊆ F˜σ′ ,
where F˜σ and F˜σ′ are the virtual spaces of parameters forWσ andWσ′ .
Proof. We first note that Wσ′ ⊂ Wσ since Wσ′ is an one-orbit stratum. Assume
without loss of generality that Λ12 is a common vertex for Pσ and Pσ′ . Let Pσ′ be
given by the intersection of xi1 + . . .+xil = 1 with∆n,2, where 1 ≤ i1 < i2 . . . <
il ≤ [
n
2
]. Since Λ12 is a vertex for Pσ′ , because of the action of the symmetric
group, we can assume that this plane is given by x1 + x3 + . . . + xl = 1. The
stratumWσ′ belongs to the chartM12 and in this chart it writes as


1 0
0 1
a3 0
...
...
al 0
0 bl+1
...
...
0 bn


,
where a3, . . . , al 6= 0 and bl+1, . . . , bn 6= 0 as dimPσ = n − 2. This is because
in [7] we proved that the dimension of the maximal subtorus which acts freely on
Wσ′ is equal to the dimPσ = n− 2. It follows that
F˜σ′ = (CP
1)n−3 × (1 : 0)n−l × (CP 1)l−4 × (1 : 0)n−l × · · ·
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· · · × CP 1 × (1 : 0)n−l × (1 : 0)n−l × (CP 1)
(n−l)(n−l−1)
2 ,
subject to the relations cijc
′
ikcjk = c
′
ijcikc
′
jk, where 1 ≤ i < j < k ≤ n and
(cij : c
′
ij) ∈ CP
1.
Since Pσ′ is a face of Pσ then the points from Pσ satisfy either x1+x3+. . .+xl ≤ 1
either x1 + x3 + . . .+ xl ≥ 1. It follows that the stratumWσ belongs to the chart
M12 as well.
If it holds x1 + x3 + . . .+ xl ≤ 1 then the stratumWσ is given by


1 0
0 1
a3 0
a4
...
al 0
al+1 bl+1
...
...
an bn


,
where a3, . . . , al 6= 0 and bl+1, . . . , bn 6= 0 since Pσ′ is a facet of Pσ. Moreover,
some of al+1, . . . , an are non-zero since T
n−1 acts freely onWσ. Therefore,
F˜σ = (CP
1)l−3 × (1 : 0)n−l × (CP 1)l−4 × (1 : 0)n−l × · · ·
· · · × CP 1 × (1 : 0)n−l × (1 : 0)n−l ×D,
whereD ⊂ (CP 1)
(n−l)(n−l−1)
2 is a proper subset, subject to the relations cijc
′
ikcjk =
c
′
ijcikc
′
jk, where 1 ≤ i < j < k ≤ n. It follows that F˜σ ⊂ F˜σ′ .
If it holds x1 + x3 + . . .+ xl ≥ 1 the stratumWσ is given by


1 0
0 1
a3 b3
a4
...
al bl
0 bl+1
...
...
0 bn


,
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where a3, . . . , al 6= 0 and bl+1, . . . , bn 6= 0 since Pσ′ is a facet of Pσ. Also some
of b3, . . . , bl are non-zero, since T
n−1 acts freely onWσ. Therefore,
F˜σ = D1 × (1 : 0)
n−l ×D2 × (1 : 0)
n−l × · · ·
· · · × Dl−3 × (1 : 0)
n−l × (1 : 0)n−l × (CP 1)
(n−l)(n−l−1)
2 ,
where D1 ⊂ (CP
1)l−3, D2 ⊂ (CP
1)l−4, ..., Dl−3 ⊂ CP
1 and D1 is a proper
subset. It follows that F˜σ ⊂ F˜σ′ .
From the above proof we directly deduce:
Corollary 7. Let Pσ′ be an admissible polytope such that dimPσ′ = n − 2 and
Pσ′∩
◦
∆n,2 6= ∅. Then
F˜σ′ =
⋃
σ
F˜σ, (19)
where the union goes over all σ such that Pσ′ is a facet of Pσ.
In an analogous way the same statement can be proved for an admissible polytope
Pσ′ such that dimPσ′ = n− 2 and Pσ′ ⊂ ∂∆n,2, as any such polytope is defined
by an additional condition xi = 0 or xi = 1 for some 1 ≤ i ≤ n. Altogether we
have:
Proposition 11. Let Pσ′ be an admissible polytope such that dimPσ′ = n − 2.
Then
F˜σ′ =
⋃
σ
F˜σ, (20)
where the union goes over all σ such that Pσ′ is a facet of Pσ.
Since the boundary ∂∆n,2 consists of hypersimplices∆n−1,2 and simplices∆n−1,1
which correspond in Gn,2 to the Grassmannians Gn−1,2 and complex projective
spaces CP n−2, altogether way we obtain:
Theorem 6. The universal space of parametersFn for T
n-action onGn,2 is given
by the formal union
Fn =
⋃
dimPσ=n−2
Pσ∩
◦
∆n,2 6=∅
F˜σ. (21)
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6 Universal space of parameters and admissible poly-
topes
Let F be a universal space of parameters for Gn,2 and F˜σ the virtual space of
parameters for a stratumWσ. For x ∈
◦
∆n,2 denote by
F˜x =
⋃
x∈
◦
Pσ
F˜σ.
Theorem 7. F˜x = Fn for any x ∈
◦
∆n,2.
In order to prove this theorem, by Theorem 5, we need to prove that F˜σ ⊂ F˜x for
any Pσ such that dimPσ = n− 2 and Pσ∩
◦
∆n,2 6= ∅.
6.1 Proof for G5,2
It follows from Theorem 5 that the admissible polytopes of dimension 3 are given
by the intersection with ∆5,2 of the planes xi + xj = 1, where 1 ≤ i < j ≤ 5.
Without loss of generality because of the action of the symmetric group S5, fix the
admissible polytope defined by x1 + x4 = 1, denote it by P14, the corresponding
stratum by W14 and and its virtual space of parameters by F˜14. The stratum W14
belongs to the chartM12 and it writes as

1 0
0 1
0 b3
a4 0
0 b5

 , a4, b3, b5 6= 0.
It follows that F˜14 ∼= (1 : 0)× CP
1 × (1 : 0).
Let x ∈
◦
∆5,2. The following cases are possible:
1. If x ∈
◦
P 14 then F˜14 ⊂ F˜x.
2. If x /∈
◦
P 14 then x1 + x4 > 1 or x1 + x4 < 1.
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If x1 + x4 > 1 then x belongs to the admissible polytope, we denote it by P
+
14
defined by the half-space x1 + x4 ≥ 1. The stratum which corresponds to this
polytope is, in the chartM12, given by

1 0
0 1
0 b3
a4 b4
0 b5

 , a4, b3, b4, b5 6= 0,
so the corresponding virtual space of parameters is F˜+14
∼= (0 : 1)×CP 1× (1 : 0).
Since F˜+14 = F˜14, it follows that F˜14 ⊂ F˜x.
If x1 + x4 < 1 then x belongs to the admissible polytope, we denote it by P
−
14
defined by the half-space x1 + x4 ≤ 1. The corresponding stratum is, in the chart
M12, given by 

1 0
0 1
a3 b3
a4 0
a5 b5

 , a3, a4, a5, b3, b5 6= 0.
The corresponding space of parameters is F˜−14
∼= (0 : 1)× CP 1A × (1 : 0) and we
have that F˜−14 ⊂ F˜x. We need to prove that the points A1 = (0 : 1)× (0 : 1)× (1 :
0), A2 = (0 : 1)× (1 : 0)× (1 : 0) and A3 = (0 : 1)× (1 : 1)× (1 : 0) belong to
F˜x. In order to do that we consider the following cases.
1) a) If x2 + x3 ≤ 1 then x belongs to the intersection of half-spaces x1 + x4 ≤ 1
and x2 + x3 ≤ 1. Consider the stratum given by


1 0
0 1
0 b3
a4 0
a5 b5

 , a4, a5, b3, b5 6= 0.
Its admissible polytope is exactly given by the intersection of these half-spaces
and its virtual space of parameters coincides with its space of parameters which is
the point A1. Thus, in this case A1 ∈ F˜x.
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b) If x2 + x3 ≥ 1 then x1 + x4 + x5 ≤ 1 and we consider the stratum given by

1 0
0 1
a3 b3
a4 0
a5 0

 , a3, a4, a5, b3 6= 0.
Its admissible polytope is given by x2 + x3 ≥ 1, its virtual space of parameters is
(0 : 1)× (0 : 1)× CP 1 and it contains the point A1. It follows that A1 ∈ F˜x.
2) a) If x2+x5 ≤ 1 the point x belongs to the intersection of half-spaces x1+x4 ≤
1 and x2 + x5 ≤ 1. Now consider the stratum

1 0
0 1
a3 b3
a4 0
0 b5

 , a3, a4, b3, b5 6= 0.
It admissible polytope is exactly given by the intersection of these half-spaces and
its virtual space of parameters coincides with its space of parameters that is with
the point A2 = (0 : 1)× (1 : 0)× (1 : 0). Thus, A2 ∈ F˜x.
b) if x2 + x5 ≥ 1 it follows that x1 + x3 + x4 ≤ 1, so we consider the stratum

1 0
0 1
a3 0
a4 0
a5 b5

 , a3, a4, a5, b5 6= 0.
Its admissible polytope is exactly given by x2 + x5 ≥ 1 and its virtual space of
parameters is CP 1 × (1 : 0)× (1 : 0). So, A2 ∈ F˜x.
3) a) If x3+x5 ≤ 1 then x belongs to the intersection of the half-spaces x1+x4 ≤ 1
and x3 + x5 ≤ 1 and we consider the stratum

1 0
0 1
a3 b3
a4 0
a5 b5

 , a3, a4, a5, b3, b5 6= 0, a3b5 = a5b3.
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Its admissible polytope is exactly given by this intersection. Its virtual space of
parameters coincides with its space of parameters and it is the point A3 = (0 :
1)× (1 : 1)× (1 : 0). Thus, A3 ∈ F˜x.
b) If x3 + x5 ≥ 1 the x1 + x2 + x3 ≤ 1. The stratum W
+
35 whose admissible
polytope is defined in this way does not belong to the chart M12. This stratum
belongs to the chartM13 and in this charts it writes as

1 0
a2 0
0 1
a4 0
a5 b5

 , a2, a4, a5, b5 6= 0.
Its virtual space of parameters is CP 1 × (1 : 0)× (1 : 0). The transition function
between the charts M12 and M13 induces the homeomorphism f : F12 → F13
which can be extended to the homeomorphism f˜ : F5 → F5. This homeomor-
phism is given by
((c34 : c
′
34), (c35 : c
′
35), (c45 : c
′
45))→
((c34 : c34 − c
′
34), (c35 : c35 − c
′
35), (c35(c34 − c
′
34) : c34(c35 − c
′
35)).
It implies that the preimage of CP 1× (1 : 0)× (1 : 0) is given by ((c34 : c
′
34), (1 :
1), (c34 : c
′
34)), where (c34 : c
′
34) ∈ CP
1. Thus, for c34 = 0 we obtain that the
point A3 = (0 : 1)× (1 : 1)× (1 : 0) belongs to F˜x.
Altogether we proved in this way that F˜14 ⊂ F˜x.
By the action of the symmetric group we obtain this to be true for all F˜ij , that is
F˜x = F5.
Using the same pattern the following holds as well:
Proposition 12. If Pσ, Pσ′ are admissible polytopes such that
◦
P σ ∩
◦
P σ′ has non-
empty intersection with
◦
∆n,2 then F˜σ ∩ F˜σ′ = ∅.
Proof. We differentiate the following cases depending on the dimensions of Pσ
and Pσ′ .
1. Let dimPσ = dimPσ′ = n−1. We provide the proof for the case when each of
Pσ and Pσ′ is defined by just one half-space according to Theorem 2. In the case
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when Pσ or Pσ′ is given as the intersection of the larger number of half spaces
the proof goes in an analogous way. Now, because of the action of the symmetric
group we can assume that Pσ is defined by the half-space x1 + x2 + . . .+ xk ≤ 1,
2 ≤ k ≤ n−2 and let P
′
σ is defined by xp1+ . . .+xps ≤ 1. Since x1+ . . .+xn = 2
and these two half-spaces intersect it follows that there exists i, k + 1 ≤ i ≤ n
such that i 6= p1, . . . ps. Without loss of generality we can assume that i = k + 1.
It follows that the strataWσ andWσ′ belong to the chartM1,k+1. The stratumWσ
writes in this charts as 

1 0
a2 0
a3 0
...
...
ak 0
0 1
ak+2 bk+2
...
...
an bn


,
where ai 6= 0, 2 ≤ i ≤ n, i 6= k + 1 and bi 6= 0, k + 2 ≤ i ≤ n. It follows that
F˜σ = (CP
1)k−2×(1 : 0)n−k−1×(CP 1)k−3×(1 : 0)n−k−1×. . .×CP 1×(1 : 0)n−k−1
(22)
×(1 : 0)n−k−1 × (CP 1A)
(n−k−1)(n−k−2)
2 .
The stratumWσ′ is, in this chart, given by the conditions b
′
ps = 0, 1 ≤ s ≤ l. Now
if F˜σ ∩ F˜
′
σ 6= ∅ than in F˜σ′ we have (cpq : c
′
pq) = (1 : 0) or (cpq : c
′
pq) = CP
1
for any 2 ≤ p ≤ k and any k + 2 ≤ q ≤ n. In both cases we must have that
b
′
p = 0 which implies that {2, . . . , k} ⊂ {p1, . . . , pl}. Moreover, there must exist
ps /∈ {2, . . . , k} and note that not all b
′
i-s are zeros. We can assume that b
′
k+2 6= 0
and b
′
k+3 = 0. It follows that in F˜σ′ we have that (ck+2,k+3 : c
′
k+2,k+3) = (0 : 1)
which together with (22) gives the contradiction with an assumption that F˜σ and
F˜σ′ intersect.
2. Let dimPσ = n − 1 and dimPσ′ = n − 2. Assume that Pσ is given by
x1 + . . . + xk ≤ 1 , 2 ≤ k ≤ n − 2 and Pσ′ is given by xp1 + . . . + xpl = 1,
2 ≤ l ≤ n− 2. Since these polytopes intersect it follows that we can assume that
k + 1 /∈ {p1, . . . , pl} and that p1 /∈ {1, . . . k}. It follows that the both strata Wσ
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andWσ′ belong to the chartMk+1,p1 . Then stratumWσ is given in this chart by


a1 b1
a2 b2
...
...
ak bk
1 0
ak+2 bk+2
...
...
0 1
ap1+1 bp1+1
...
...
an bn


,
where aibi = ajbi for 1 ≤ i < j ≤ k and ai, bi 6= 0 for i ≥ k + 2. It follows that
F˜σ = (1 : 1)
k−1×(CP 1A)
n−k−2×(1 : 1)k−2×(CP 1A)
n−k−2×. . .×(1 : 1)×(CP 1A)
n−k−2
(23)
×(CP 1A)
n−k−2 × ((CP 1A)
n−k−2)
(n−k−1)(n−k−2)
2 .
The points of the stratumWσ′ in this chart satisfy conditions a
′
ps = 0 for 1 ≤ s ≤
l. It follows that b
′
ps 6= 0 and b
′
q = 0 for q 6= ps, 1 ≤ s ≤ l, see Proposition 6.
Note that there exists q0 6= k + 1 such that q0 /∈ {p1, . . . , pl}. It follows that
(cq0ps : c
′
q0ps) = (0 : 1) or (1 : 0) in F˜
′
σ . Comparing to (23) we conclude that
F˜σ ∩ F˜σ′ = ∅.
3. Let dimPσ = dimPσ′ = n−2 and assume that Pσ is given by x1+. . .+xk = 1,
2 ≤ k ≤ n − 2 and Pσ′ is given by xp1 + . . . + xpl = 1, 2 ≤ l ≤ n − 2. We can
assume that x1 /∈ {p1, . . . , pl} and p1 /∈ {1, . . . , k}. Then the strataWσ and Wσ′
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belong to the chartM1p1 The stratumWσ is in this chart given by


1 0
a2 0
...
...
ak 0
0 bk+1
...
...
0 1
0 bp1+1
...
...
0 bn


,
wher bi 6= 0, 2 ≤ i ≤ k, bj 6= 0, k + 1 ≤ i < j ≤ n, j 6= p1. It follows that
F˜σ = (CP
1)k−2 × (1 : 0)n−k−1 × . . .× CP 1 × (1 : 0)n−k−1 (24)
×(1 : 0)n−k−1 × (CP 1)
(n−k−1)(n−k−2)
2 .
The points of the stratum Wσ′ are in this chart satisfy the conditions a
′
ps = 0 for
all 2 ≤ s ≤ l. It follows that b
′
ps 6= 0 and b
′
q = 0 for q 6= ps , 2 ≤ s ≤ l. Let
q0 be such that q0 /∈ {1, . . . , k} and q0 /∈ {p1, . . . , pl}. Note that there exist i0,
2 ≤ i0 ≤ k such that i0 ∈ {p1, . . . pl}. It implies that (ci0q0 : c
′
i0q0
) = (0 : 1) in F˜
′
σ
which together with (24) implies that F˜σ ∩ F˜σ′ = ∅.
Corollary 8. Let x ∈
◦
∆n,2. If F˜σ, F˜σ′ ⊂ F˜x then F˜σ ∩ F˜σ′ = ∅.
7 The chamber decomposition for ∆n,2
Consider the hyperplane arrangement in Rn given by
An : Π ∪ {xi = 0, 1 ≤ i ≤ n} ∪ {xi = 1, 1 ≤ i ≤ n}, (25)
where the set Π is given by (9), and the face lattice L(An) of the hyperplane
arrangement An . This lattice consists of the hyperplanes from An and all inter-
sections of the elements from An.
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The hyperplane arrangement An induces the hyperplane arrangement in R
n−1 =
{(x1, . . . , xn) ∈ R
n : x1 + . . . + xn = 2} which is obtained by intersecting this
Rn−1 with the planes from (25).
Denote by L(An,2) = L(An) ∩ ∆n,2. Then L(An,2) provides decomposition for
∆n,2 which we call chamber decomposition and for an element C ∈ L(An,2) we
say to be a chamber.
Lemma 11. Let C ∈ L(An,2) such that dimC = n − 1. If C has a nonempty
intersection with
◦
P σ then C ⊂
◦
P σ. Thus, C can be be obtained as the intersection
of the interiors of all admissible polytopes which contain it.
Proof. We first note that if
◦
P σ ∩C 6= ∅ then dimPσ = n − 1 as well. Moreover,
any facet of Pσ which intersects
◦
∆n,2 belongs to some of the hyperplanes from
the set Π which define the chamber decomposition C. For the second statement,
we note that any wall V of the chamber C is contained in a facet of an admissible
polytope which contains the chamber C. This follows from the fact that any of the
hyperplanes from Π divides the hypersimplex∆n,2 into two admissible polytopes.
The same is true for an arbitrary chamber from L(An,2).
Lemma 12. Any element C ∈ L(An,2) can be obtained as the intersection of the
interiors all admissible polytopes which contain C.
Proof. We have that L(An,2) = L(A) ∩∆n,2. So, if C ∈ L(An,2) it follows that
C = ∩pii1,...ip for some planes pii1,...ip ∈ Π. Since pii1,...,ip∩
◦
∆n,2 is an admissible
polytope and the planes from Π define the chamber decomposition L(An,2) the
statement follows.
Therefore we have:
Proposition 13. The chamber decomposition L(An,2) coincides with the decom-
position of
◦
∆n,2 given by the intersections of interiors all admissible polytopes
which are inside∆n,2 .
Further on we denote the chambers from L(An,2) by Cω, where ω consist of those
admissible sets σ such that Cω ⊂
◦
P σ.
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7.1 Moment map and the chamber decomposition
Let Cω ∈ L(An,2) be a chamber, that is dimCω = n − 1. According to Proposi-
tion 13 we have that Cω = ∩σ∈ω
◦
P σ and obviously dimPσ = n − 1. It follows
from [7] that the spaces µˆ−1(x) = ∪σ∈ωFσ ⊂ Gn,2/T
n are smooth manifolds and
they are diffeomorphic for all x ∈ Cω, that is diffeomorphic to some manifold Fω.
On the other hand, as it is showed in [7] there exist the canonical homeomorphisms
hσ : Wσ/T
σ →
◦
P σ ×Fσ given by hσ = (µˆσ, pσ), where µˆσ : Wσ/T
σ →
◦
P σ is
induced by the moment map µˆ : Gn,2/T
n → ∆n,2, while pσ : Wσ/T
σ → Fσ is
induced by the natural projection Gn,2 → Gn,2/(C
∗)n. For the main stratum W
we haveW/T n ∼= ∆n,2 × F , so it follows that F ⊂ Fω. Let Cˆω = µˆ
−1(Cω).
Corollary 9. For any Cω ∈ L(An,2) such that dimCω = n − 1 there exists
canonical homeomorphism
hCω : Cˆω → Cω × Fω.
where the manifold FCω is a compactification of the space Fn given by the spaces
Fσ such that Cω ⊂ Pσ
Fω =
⋃
Cω⊂
◦
Pσ
Fσ. (26)
In some sense this can be generalized to an arbitrary chamber. As noted in [12],
perceiving the spaces µˆ−1(x), µˆ−1(y) as symplectic quotients it follows that they
are homeomorphic, that is to some space Fω , for any chamber Cω ∈ L(An,2) and
any two points x, y ∈ C. When dimCω = n− 2 we deduce the following:
Lemma 13. For any Cω ∈ L(An,2), dimCω = n − 2 there exists canonical
homeomorphism
hCω : Cˆω → Cω × Fω.
The space Fω is a compactification of the space F and this compactification is
given by the spaces Fσ such that Cω ⊂
◦
P σ and dimPσ = n − 1 and a point, that
is the space Fσ such that Cω ⊂
◦
P σ and dimPσ = n− 2.
Proof. It is obvious that if Cω ⊂
◦
P σ and dimPσ = n− 1 then Fσ ⊂ Fω. Since Cω
is of dimension n−2 there exists unique admissible polytope Pσ, dimPσ = n−2
such that Cω ⊂
◦
P σ, in fact Pσ is defined by the underlying hyperplane for Cω.
Thus, using Proposition 6 the statement follows.
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Since the only interior admissible polytopes are of dimension n− 1 or n− 2, , for
an arbitrary Cω ∈ L(An,2) i of dimension≤ n− 3 we repeat the argument and in
an analogous way deduce the following:
Lemma 14. For any Cω ∈ L(An,2), dimCω ≤ n − 3 there exists canonical
homeomorphism
hCω : Cˆω → Cω × Fω.
The space Fω is a compactification of F given by the spaces Fσ such thatCω ⊂
◦
P σ
and dimPσ = n− 1 and q points where q ≥ 2 is the number of polytopes Pσ such
that Cω ⊂
◦
P σ and dimPσ = n− 2.
Note that the permutation action of the symmetric group Sn on R
n induces Sn-
action on An, which further gives Sn-action on the chambers of the chamber de-
composition L(An,2). Together with Corollary 1 we obtain:
Corollary 10. The spaces Fω and s(Fω) are homeomorphic for any s ∈ Sn and
any Cω ∈ L(An,2).
Altogether we conclude:
Proposition 14. A manifold Fω is a compactification of the space F ⊂ (CP
1
A)
N
given by the equations (15). This compactification is given by the spaces Fσ such
that Cω ⊂
◦
P σ. Moreover, a space Fσ is a point or it is obtained by restricting the
hypersurfaces (15) to some factors (CP 1B)
q ⊂ (CP 1A)
N , where B = {(1 : 0), (0 :
1)} and 0 ≤ q ≤ l, n− 1 ≤ l ≤ N .
7.2 Chamber decomposition and virtual spaces of parameters
Let Fn be an universal space of parameters for Gn,2 and consider the chart M12.
We assigned to any stratumWσ from Gn,2 the virtual space of parameters F˜σ,12 as
described in [7] and in the previous sections. Moreover, for any F˜σ,12 it is defined
the projection p12 : F˜σ,12 → Fσ, where Fσ is the space of parameters for the
stratumWσ.
For Cω ∈ L(An,2) from Proposition 12 one directly deduces the following
Corollary 11. Let Cω ∈ L(An,2). Then F˜σ ∩ F˜σ¯ = ∅ for any admissible sets σ, σ¯
such that Cω ⊂
◦
P σ .
◦
P σ¯.
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Recall that we defined the charts Mij for Gn,2 in 3.2. Together with Theorem 4
we obtain:
Corollary 12. The union
Fn =
⋃
Cω⊂
◦
Pσ
F˜σ. (27)
is a disjoint union for any Cω ∈ L(An,2). Therefore, for any chamber Cω and any
chart Mij ⊂ Gn,2 it is defined the projection pCω ,ij : Fn → Fω by pCω ,ij(y) =
pσ,ij(y). where y ∈ F˜σ,ij .
8 Summary - the orbit space Gn,2/T
n
Let
◦
Gn,2 /T
n = µˆ−1(
◦
∆n,2) and let Cˆω = µˆ
−1(Cω) be as before.
Theorem 8. The following disjoint decomposition holds:
◦
Gn,2 /T
n ∼=
⋃
ω
Cˆω ∼=
⋃
ω
(Cω × Fω). (28)
where the topology on the right hand side is given by the induced moment map
µˆ : Gn,2/T
n → ∆n,2 and the natural projection Gn,2/T
n → Gn,2/(C
∗)n.
The symmetric group Sn acts on
◦
Gn,2 /T
n by s(Cω × Fω) = s(Cω) × s(Fω),
that is Cω × Fω is homeomorphic to s(Cω × Fω), which significantly simplifies
the description of the elements in the union (28). This means that there exists
l = l(n) ≥ 4 and ω1, . . . , ωl - the indices of the Sn-action orbits representatives
such that
◦
Gn,2 /T
n =
l⋃
i=1
⋃
s∈Sn
s(Cωi × Fωi). (29)
Example 9. For n = 4, the chambers in
◦
∆4,2 are of dimensions 0, 1, 2, 3 and the
S4-action has one orbit in each of these dimensions, that is l(4) = 4.
Altogether,
Gn,2/T
n ∼=
◦
Gn,2 /T
n ∪ (
n⋃
q=1
Gn−1,2(q)/T
n−1) ∪ (
n⋃
q=1
∆n−2(q)). (30)
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The topology on the right hand side of (30) is defined by the canonical embeddings
CP n−2(q)→ Gn,2 and Gn−1,2(q)→ Gn,2, 1 ≤ q ≤ n.
The universal space of parameters for a CP n−2(q), 1 ≤ q ≤ n is a point. The
canonical embeddings iq : Gn−1,2(q)→ Gn,2 are defined by the inclusionsC
n−1 →
Cn, (z1, . . . , zn−1) → (z1, . . . zq−1, 0, zq, . . . zn−1), 1 ≤ q ≤ n. Therefore, it is
straightforward to relate the universal spaces of parameters forGn,2 andGn−1,2(q),
1 ≤ q ≤ n.
Proposition 15. The universal space of parameters Fn−1,q for Gn−1,2(q) ⊂ Gn,2,
1 ≤ q ≤ n can be obtained from the universal space of parameters Fn for Gn,2
by the restriction:
Fn−1,q = Fn|{(cij :c′ij),i,j 6=q}
, (31)
which defines the projection rq : Fn → Fn−1,q.
It follows that all previous constructions apply to Fn−1,q and ∆n−1,2(q) ⊂ ∂∆n,2
obtained as ∆n−1,2(q) = ∆n,2 ∩ {xq = 0}, 1 ≤ q ≤ n. Denote by p
q
Cω ,ij
:
Fn−1,q → Fω the map given by Corollary 12 for the Grassmannian Gn−1,2(q),
1 ≤ q ≤ n. In this way we obtain:
Corollary 13. For any chamber Cω ⊂ ∂∆n,2 and any chart Mij it is defined the
projection pCω ,ij : Fn → Fω. If Cω ⊂ ∆
n−1(q) this projection mapsFn to a point,
while for Cω ⊂ ∆n−1,2(q) it is defined by pCω ,ij(y) = (p
q
Cω ,ij
◦ rq)(y).
So, let us now consider the space
Un = ∆n,2 × Fn. (32)
It can be inductively defined the projection from Un using the following pattern:
Un → (
◦
∆n,2 ×Fn) ∪ (
n⋃
q=1
Un−1,q) ∪ (
n⋃
q=1
∆n−2(q)), (33)
for Un−1,q = ∆n−1,2(q)× Fn−1,q, which is an identity for x ∈
◦
∆n,2, it is given by
(x, f) → (x, rq(f)) if x ∈ ∆n−1,2(q), while (x, f) → x if x ∈ ∆
n−2(q), where
1 ≤ q ≤ n.
Therefore, from Corollary 12, Theorem 8 and Corollary 13 we obtain:
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Theorem 9. For any chartMij ⊂ Gn,2 the map
G : Un → Gn,2/T
n, G(x, y) = h−1Cω(x, pCω ,ij(y)) if and only if x ∈ Cω (34)
is correctly defined.
Then from Theorem 8, formula (30) and Proposition 15 we deduce:
Theorem 10. The map G is a continuous surjection and the orbit space Gn,2/T
n
is homeomorphic to the quotient of the space Un by the map G.
The more explicit proof proceeds in an analogous way as the proof of Theorem
11.1 in [7], which describes the orbit space G5,2/T
5.
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